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Although digital dynamic multi-representation tools have been shown to provide 

potential for developing understanding, little is known about the exact conditions 

under which they should be explored. This paper reports from a design research study 

on fifth graders’ exploration of a dynamic multi-representation tool on dot arrays for 

multiplication, seeking to deepen the understanding and justify the commutative 

property. The qualitative analysis of learning processes reveals that although various 

connections are discovered by different students, they articulate only some of them 

explicitly, so they are rarely combined to a justification. We conclude that for 

exploiting the potential of multi-representation tools in depth, more scaffolding for 

articulations is required, which can be realized by embedding the tool into a more 

comprehensive learning environment. 

Digital technology can have different characteristics and follow different purposes in 

mathematics education, ranging from highly scaffolded tutorial systems to digital tools 

designed for very open explorations. Whereas early research overviews list these 

different technologies separately (Lagrange et al., 2003), they have become 

increasingly combined in digital learning environments with different features and 

degrees of openness (Hillmayr et al., 2021). For developing conceptual understanding 

of mathematical concepts and operations, the potential of dynamic multi-

representation tools has often been identified qualitatively (Kaput 1986; Sacristan et 

al., 2010), while only moderate effect sizes were found in efficacy studies, with large 

variations across contexts and exact design features (Hillmayer et al., 2020). So, there 

is still a need to further disentangle the conditions under which dynamic multi-

representation tools can productively enhance students’ conceptual understanding 

(Lagrange et al., 2003; Drijvers et al., 2016). This research gap particularly exists for 

arithmetic content in early middle school which is less researched than functions and 

algebraic expressions and equations in later middle school (Drijvers et al., 2016). In 

our design research study, we focus on a dynamic multi-representation tool and 

investigate fifth graders’ collaborative explorations of the commutative property, 

pursuing the following research question: 

How do students work with a dynamically linked multi-representation tool to explore 

the commutative property and what connections of representations do they articulate?  
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THEORETICAL BACKGROUND 

Potentials of multi-representation tools for connecting multiple representations  

Using multiple representations have been shown to bear potential for developing 

students’ conceptual understanding: While the treatments within one representation 

often correspond to procedural rules (e.g., symbolic manipulations as following the 

commutative property), conversions between representations can enhance students’ 

processes of constructing meanings (Kaput, 1986; Duval, 2006). For developing 

understanding for properties underlying the symbolic treatments, representation-based 

justifications (Schifter, 2009) convey meanings by conversions of treatments as will 

be exemplified.  

Already Kaput (1986) promoted the potentials of dynamically linked multi-

representation tools: “Information technology will have its greatest impact in … 

providing access to new forms of representation as well as providing simultaneous 

access to multiple, linked representations” (p. 5). Since then, many digital tools were 

constructed for functions and algebra in which multiple representations are not only 

simultaneously depicted, but dynamically varied, and the effects of variation can be 

explored. Case studies have confirmed Kaput’s (1986) early assumption that 

dynamically linking multiple representations can enhance students’ understanding 

(Sacristan et al., 2010). However, quantitative efficacy studies found only small to 

moderate effect sizes, with large variations across exact design features (Hillmayer et 

al., 2020). This calls for further in-depth analysis of conditions under which multi-

representation tools really enhance students’ processes of meaning construction.  

Empirical studies revealed a critical condition of success: Converting representations 

contribute best to constructing meanings if the connection between the representations 

is explicitly articulated, this involves addressing the relevant structure in all 

representations (Renkl et al., 2013). With respect to multi-representation tools, this 

raises the question how the automatic links really promote students’ mental 

construction of connections and their explicit articulation of the relevant structures in 

view.  

Topic in view: Commutative property and unit structures 

Whereas most research on multi-representation tools was conducted for algebra and 

functions, our topic in view, multiplication and the commutative property, has attracted 

much less attention (Drijvers et al., 2016). Sinclair et al. (2020) constructed an 

interesting multi-representation tool with TouchTimes, but given the irritations they 

reported from teachers with its unfamiliar representation, we focus on rectangular dot 

arrays. Arrays have been identified as powerful graphical representations for 

conveying meanings for multiplication, e.g., visualizing 2 x 4 as 2 rows of 4 in an array 

(Wittmann, 1998; Schifter, 2009). Many students, however, convert only superficially 

between arrays and expressions by only hinting to length and width or the total numbers 

(see Figure 1, left). For learning to understand multiplication as counting in composite 
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units, students need to mentally impose multiplicative unit structures onto the dot array 

(Götze & Baiker, 2021; Askew, 2019). This can be supported by multi-representation  

 

Figure 1. Meaning of multiplication in dot arrays requires structuring in composite 

units – Variation in multi-representation tools can support seeing structures 

tools by dynamically linking symbolical expressions such as 2 x 4, 3 x 4, to arrays that 

grow in rows (depicted in blue in Figure 1), while composite unit structures must be 

explicitly articulated by teachers (Askew, 2019) and students (Götze & Baiker, 2021).  

The commutative property allows for rule-based treatment of symbolic expressions 

(changing the order of factors from 2 x 4 to 4 x 2). For its representation-based 

justification, we convert one symbolic expression EA (2 x 4) into a structured array 

SA, conduct a treatment of representations (rotate the array) into SB and then convert 

it back to the second expression SB as in Figure 2 (Wittmann, 1998; Schifter, 2009). 

This justification fails short if the array is only converted without addressing the 

composite changing units (Strømskag & Valenta, 2017), and requires further prompts 

for generality. That is why we decided that our multi-representation tool should also 

engage students into examining variations (from SA to SA’, from SB to SB’), while 

developing structural connections for a general justification of the commutative 

property.  

 

Figure 2: Representation-based structural justification of commutative property in 

dynamically linked multiple representation (adapted from Tondorf & Prediger, 2022) 
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Figure 2 shows the three-dimensional complexity of processes that students are invited 

to first tacitless conduct and observe and then explicitly articulate for explaining the 

meaning of multiplication and for structurally justifying the commutative property. 

The figure includes vertical arrows for conversions from symbolic to graphical 

representations and horizontal arrows with treatments reflecting the commutative 

property, blue arrows signify dynamic changes conducted to focus students’ attention 

on the structure of composite units and on generality. In total, the representation-based 

justification of the commutativity is a conversion of treatments. Its articulation requires 

to explicitly address the composite unit structure of the structured arrays and the 

combined verbalization of the horizontal and vertical arrows in Figure 2.  

Design of the open exploration task with a multi-representation tool  

In our digital learning environment divomath, 

students first have extended learning 

opportunities for connecting representations for 

multiplication with composite unit structures. 

Like in Figure 1, students study the systematic 

variation of arrays and articulate their effect on 

the expressions and vice versa. A later task in the 

learning environment is the open exploration 

task in Figure 3 in which two students are 

invited to systematically vary an array and see 

two symbolic expressions, EA 5  7 and EB 

7  5, which they can understand as being 

connected to the array by structuring it in rows 

into the mentally structured figure SA or in columns in the mentally structured figure 

SB (see Figure 2). Both students can start structuring in rows, but as Student B looks 

from a 90-degree angle onto the iPad, this appears as columns for Student A and vice 

versa. Exchanging their ideas while systematically varying the array, students can 

discover rich relations, and explain different connections that can later be combined 

into the justification of the commutative property: 

 (already known) connection between their structured array and their expression 

looking at their rows, each (Student A: SA – EB, Student B: SB – EB, respectively) 

 the effect of the systematic variations of their array on their expression (SASA’ 

– EAEA’ or SBSB’ – EBEB’, respectively)  

 justification of commutativity in static arrays (EA–SA–SB–EB or vice versa) 

 consequences of varying an array in the context of commutativity (Figure 2).  

As the exploration of digital tools alone rarely guarantees that students construct the 

targeted knowledge unless the processes are suitably scaffolded, either by the teacher 

or by tasks structuring the exploration (Drijvers et al., 2016; Hillmayr et al. 2020). It is 

critical for our design to study the students’ processes and identify the potentials and 

limitations of this open exploration. This will later allow us to identify necessary task-

Figure 3: Exploring commutativity 

with a multi-representation tool 

from view A / B 
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specific structural and language-related scaffolds for finding, articulating and 

combining the rich connections listed above and visualized in Figure 2. 

METHODOLOGICAL FRAMEWORK 

Methods of data collection. The case study documented here belongs to a larger 

design research project that develops and investigates a comprehensive learning 

environment on multiplication and division in Grade 5, with the dual aim of (a) 

developing and optimizing a digital learning environment, and (b) generating deep 

insights into conditions of productive learning with the tools (Gravemeijer & Cobb, 

2006). In Cycle 1, design experiments were conducted with seven groups of 2-3 fifth 

graders (10/11 years old), in total about 300 minutes video or audio records and screen 

records per group. For pursuing the research question of this paper, we focus on their 

processes on the task in Figure 3 for which the video and audio material was partially 

transcribed.  

Methods of data analysis. For the qualitative analysis of the transcripts and screen 

recordings, students’ processes of interacting with the multi-representation tool and its 

automated links were coded with respect to the connections between representations 

that they addressed explicitly in their articulations (see Figure 2 that serves as deductive 

coding system, adapted from Tondorf & Prediger, 2022). We code EA – A when a 

match is simply stated and EA – SA – A when the unit structure is explicitly verbalized. 

The variation AA’ denotes verbalization on the array with focus on single dots, 

SASA’ the structured arrays with articulating the unit structure in rows or columns. 

When the conversion of treatments is addressed, it is denoted EA-EB – SA-SB.  

EMPIRICAL INSIGHTS 

Episode 1: Aylin and Lisa explain composite units and swapped expressions 

Aylin and Lisa work independently without a teacher. They first approach the task 

(from Figure 3) by checking that the given array and expressions fit (Turn 2) and then 

start changing the array (Turn 3). 

02 Aylin  [looks at one dot in the array and the double expression 1 x 1 = 1] Yes, that is 
correct. I think we need to go back. We have to do this. How are we doing 
this? 

03 Lisa  [starts reading the text] Change # [Aylin is changing the array representation] 
                                             # Wait, wait, wait. Ey, the task has changed! 

06 Aylin  [stops the array at four rows of five] We need to explain why they are connected. 
07 Lisa  Okaaayyy. That is a swapped expression. Because here, um, it is five times four 

and over here, it is four times five. Swapped expressions. 
08 Aylin  We have to explain why it is connected. It is connected because there are four 

rows and there are five dots in each row. Thus, the expression matches because 
four rows of five dots each equals 20. 

Lisa discovers that both expressions are “swapped”, a standardized term for tasks with 

changed order (Turn 07: EA–EB). But they do not follow up this new observation, but 

go back to the tasks that they had practiced before, explaining the connection EA–A. 

They explain it with two arguments, first by explicitly articulating the composite units 
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in the conversion “four rows and there are five dots in each row” (Turn 08b: EA–SA–

A), and second by the treatment and the total number as result “Thus, …, equals 20” 

(Turn 08c: EA-R-A). The swapped expression EB is not explicitly connected to the 

array A. After explaining the connection EA–SA–A, the students go on with the next 

task and don’t focus on changes through variation or relations of commutativity.  

Episode 2: Lena and Jenny qualitative consider changes without unit structures 

Lena and Jenny start manipulating the array several times and observe the changes in 

the expressions. The design experiment leader acts as teacher and tries to elicit a 

description of the changes ABAB’ – EAEA’ and EBEB’. 

09 Teacher And how exactly do they change? 
10 Lena  If you pull the array, the expressions change. 
11 Teacher But how do the expressions change? 
12 Jenny  When more dots are appearing. 
13 Teacher And are the expressions completely different calculations? 
14 Lena  No, here is six times seven and there is seven times six. 
15 Jenny  So, it is swapped. 
16 Lena  So, swapped. 

Their first descriptions of the changes are qualitative: The “expressions change” (Turn 

10), so far without specifying how they change and how the changes are related. Jenny 

articulates on ordinal description, the number of dots increases, also without relating 

to the unit structures (Turn 12: A<A’ – R<R’). Rather than eliciting an explicit 

articulation of more rows or more dots in a row, the teacher turns the focus to the two 

expressions (Turn 13). Again, the conversation stops here stating the swapped 

expressions (Turn 15/16: EA–EB), without exploring the intended richer connections. 

Overview on articulated connections and variations in all seven groups 

 

Figure 4: Analytic summary with all connections articulated by seven groups 

Unlike Aylin & Lina, the second pair Lena & Jenny uses the linked representations by 

varying the array and looks at the effects for the linked expressions. But again, they 

miss the rich opportunity to go deeper into the connections. Similar phenomena were 

found for other students, as the analytic summary in Figure 4 reveals. Most students 

focus on simple conversions and variations. They only address commutativity focusing 
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on the expressions and not on structured arrays. Group 6 and Group 7 try to justify 

commutativity but either they turn around the structured array instead of restructuring 

it or they include the result rather than the structures in their justification.  

CONCLUSION AND OUTLOOK 

The analysis of both episodes (and of the unprinted transcripts of five more groups) 

reveals that playing with a multi-representation tool with automated links of 

representations and systematic variation opportunities can indeed engage students in 

discovering various connections and variations (Kaput, 1986; Sacristan et al., 2010). 

This is visible in the analytic summary in Figure 4 in which for the first three steps of 

the learning pathway, each intended connection was discovered by at least one group 

of students. But by far, not all relevant connections were discovered and explicitly 

articulated by all students, like Aylin & Lisa in Episode 1 who did not really ask how 

the array changes with the expressions (systematic variation) and why the swapped 

expressions describe the same figure (justifying commutativity). Without the different 

connections being articulated, no complete justification can be combined out of them 

(Schifter, 2009). 

Although students discover and articulate different connections which might invite a 

conversation about differences, the analytic summary in Figure 4 further reveals that 

only a few groups address conversions or treatments when describing the variation and 

rotation of arrays and expressions, as the combination of ideas was not sufficiently 

supported. The theory section highlights that the variation of treatments targeting the 

commutative property involves a number of treatments and conversions that need to 

be taken into account while exploring and understanding the whole concept. This 

corresponds to the often identified need that teachers facilitate students’ rich processes 

in a more focused manner (Drijvers et al., 2016). Even in groups where teachers were 

present, however, their guidance was not always ideal to focus students’ attention to a 

particular connection and to support them combining the ideas.  

This case study supports the requirement not only to develop multi-representation 

tools, but to include scaffolds supporting students’ focus of attention and students’ 

articulations into the material itself. Rather than providing only tools for open 

exploration, a holistic learning environment is necessary to support teachers and 

students in successful and more focused learning processes. In our project divomath, 

the next design experiment cycle will experiment with a learning environment that 

includes focus questions and help for systematic explorations and explicit articulations, 

focusing the different connections to support students in exploring the conversion of 

treatments in commutative property. The support that should be included into the 

material must focus explicitly on the variation processes and its impact on the unit 

structures, with questions such as “What happens to the array if student 1 adds a row?” 

or “How does each expression change if student 2 adds a row? And how do you see 

that in the array from your point of view?”. 
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