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Visual models have been widely used to promote students’ understanding for mathe-
matical procedures. Yet students’ explanations using visual models can reveal under-
estimated complexities that need to be unpacked to provide targeted learning opportu-
nities. In our qualitative study, we analyzed how 10—12-year-old students explain the
conversion of mass units, and we unpacked what different connections between repre-
sentations need to be verbalized. The analysis revealed that students who connect the
representations draw upon three kinds of underlying structures: bundle structures, re-
finement structures, and place-value structures. All should be explicitly focused on and
supported in future designs for teaching-learning arrangements.

EXPLAIN UNIT CONVERSION: A LEARNING GOAL TO BE UNPACKED

Increasing consensus exists that students should not only learn to explain the meaning
of mathematical concepts (e.g., fractions), but also procedures (e.g., multiplication of
fractions; Kilpatrick et al., 2001), often by support of visual models. For various arith-
metical procedures, students have been engaged in explaining procedures through vis-
ual models, and studies have repeatedly shown that visuals do not automatically help
unless students focus on the relevant mathematical structures in the visuals (Fuson et
al., 1997; Glade & Prediger, 2017). Based on these findings, learning environments for
arithmetical procedures have been increasingly focused on relevant structures.

Our overall design research study aimed at transferring this approach from arithmetic
to an essential procedure in measurement, unit conversion, which can also be con-
ducted symbolically or by visual-based strategies (e.g., with the visual model in Figure
1). In this paper, we qualitatively analyze how students explain the conversion of mass
units with the visual model to unpack what its explanation entails in detail.

Explain (with the balance scale and
the blocks) how to convert kginto g:
2.4kg=24kgx1000g/kg=2400¢g

Figure 1: Explaining the procedure of converting mass units:
task and design of a visual tool (Bielinski et al., submitted)
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THEORETICAL BACKGROUND
Explaining with visual models requires focus on underlying structures

For enhancing students’ understanding of procedures, visual models (graphical repre-
sentations or manipulatives) have been widely used, particularly in arithmetic educa-
tion (Lesh, 1979). Yet students have been shown not to profit automatically from the
use of visuals unless they learn to impose structures onto the visuals, for instance, in
the part-whole structures for adding in fraction bars (Lesh, 1979), place-value struc-
tures onto base-ten blocks for multi-digit subtraction (Fuson et al., 1997), or multipli-
cative bundle structures for distributive factorizing of multiplications (Clark & Kamii,
1996; Tondorf & Prediger, 2022).

In particular, when students are asked to explain why a procedure works, the explicit
description of structures is crucial (Glade & Prediger, 2017). Hence, instructional sup-
port should be provided for students to focus on and articulate those conceptual struc-
tures underlying the procedure in view (Fuson et al., 1997). A typical schematization
learning trajectory can thereby be designed in which students learn to (1) translate
mathematical objects and operations between symbolic and visual representations, (2)
enact visual-based strategies to represent the procedure in view and read off the result,
(3) internalize the mathematical structures underlying the visual-based strategies so
that the strategies can be pursued using only mental processes, (4) find patterns in in-
formal visual-based strategies to schematize them into a formal procedure, and (5) jus-
tify the formal procedure by the underlying structures and patterns (Treffers, 1987;
Glade & Prediger, 2017). Whereas Steps 1 and 2 of the learning trajectory can be con-
ducted in purely empirical modes of enactment and reading off (perhaps without seeing
underlying structures), Steps 3—5 can be promoted by asking students to explain the
procedures and focusing their attention on the underlying structures.

To support students’ focus on structures within the design of the learning environment,
however, the most relevant structures for a particular topic must be specified by the
design researcher, so that adequate scaffolds can be constructed (Fuson et al., 1997).

Transferring the schematization approach to a less investigated topic:
Explaining procedures of mass unit conversion

Compared to the well-researched area of arithmetic, measurement has continued to be
“a key, but under-researched area of the learning of mathematics” (Cheeseman et al.,
2017, p. 144). While students’ understanding of key measurement concepts (such as
length or area) has been thoroughly investigated, little is known on students’ under-
standing of unit conversion, an essential procedure in the field of measurement (sum-
marized in Smith & Barrett, 2017). For our study, we chose mass, the most neglected
among the measurement quantities (Cheeseman et al., 2017; Smith & Barrett, 2017),
aiming to unpack what exactly is needed to explain how to convert kilograms into
grams. For this, we aimed at transferring schematization pathways established in arith-
metical procedures (see above) to unit conversion for mass units.
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Symbolic measures 2.3kg 2300g Symbolic measures
in kilograms I I in grams
Bundles 2 ones and 2thousandsand  Bundles
in kilograms 2 tenths in kg 3 hundreds in g in grams

—)
CParse Fine
kilogram blocks gram blocks

Figure 2: Conceptual framework for initiating and analyzing
student explanations in visual-based conversion of mass units

In the digital teaching learning arrangement that we have designed in our overarching
design research project divomath (Bielinski et al., submitted), students are introduced
to the visual model of base-ten blocks on the balance scale (Figure 1). The balance
scales conveys the relational meaning of the equal sign as “equally heavy,” the base-
ten blocks support bundle structures of 1000 in each block and base 10 in each digit.

Students’ learning opportunities are sequenced in a schematization trajectory similar
to those described above for arithmetical procedures in the following steps: Students
first learn to interpret and compare mass units through translating symbolic measures
into blocks (“2400g can be represented by two 1000g blocks and four 100g flats.”
“2.4kg can be represented by two 1kg-blocks and four flats of 0.1kg.””). The conversion
equality “2.4kg =2400g” is then interpreted as an equilibrium on the balance scale that
can be read off the interactive digital balance scale tool in an empirical mode without
explicit reference to structures (the balance scale goes down for the heavier blocks).
To explain the unit conversion (and internalizing structures), students need to over-
come this empirical mode of reading off the visual and refer to the bundle structures
underlying the place-value system and the conversion factor 1000: For converting
2400g into kg, students need to connect the symbolic representation of “2400g” with
the bundle representation “2 thousands and 4 hundreds in g” and then to the visual
representation of the two large green blocks and four green flats. These green blocks
and flats are as heavy as two blue blocks and two blue flats, so the student converts
this by exchanging green for blue blocks within the visual representation. Before trans-
lating this representation into symbolic measures in kg, students need to connect them
to the bundle representation: two ones and four tenths in kg, which can then be trans-
lated into the symbolic representation as 2.4kg. Once the students understand that the
blocks with equal weight come with refining a 1kg block into a 1000g block, they can
schematize the visual-based conversion strategy into a symbolic transformation of
2400g x 1000 g/kg = 2.4kg. Hence, the bundle structure is a representation mediating
between the symbolic and visual representation (as in Fuson et al., 1979), further struc-
tures can be identified empirically.
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Research question

Connecting six different representations bears a remarkable complexity. The state of
research on similar schematization challenges for arithmetical procedures (Fuson et al.,
1997; Tondorf & Prediger, 2022) has suggested that students might produce hetero-
genous ways of explaining the connections. We unpack these complexities and heter-
ogeneities in two research questions:

RQI1. How do students explain unit conversion of mass units using the visual model?

RQ2. On which underlying structures do they draw to connect representations?

METHODOLOGICAL FRAMEWORK
Methods of data collection for unpacking students’ oral explanation

The study presented in this paper is embedded in a larger design research study focus-
ing the reconstructive part rather than the iterative design consequences. As 10—12-
year-old children rarely write long explanations, we captured their oral explanations
articulated as they worked with the interactive visual model (Figure 1). For this, we
conducted design experiments in laboratory settings with 18 pairs of students, partici-
pating in two or three 45-minute design experiment sessions each. From about 34 hours
of video recorded during design experiment sessions on mass unit conversion, we tran-
scribed selected episodes and extracted students’ explanations.

Methods of data analysis

For the qualitive analysis of students’ transcribed explanations for the focus task from
Figure 1, we applied a deductive-inductive coding procedure: In Step 1, we deductively
started from a coding scheme developed for visual-based strategies for transforming
expressions (Tondorf & Prediger, 2022) and adapted it for visual-based strategies for
unit conversion. With the adapted coding scheme, students’ utterances were coded with
respect to (a) the explicitly addressed representations (six vertices in Figure 2) and (b)
the kind of connections they articulated between the representations (edges in Figure
2). In Step 2, the coding scheme was inductively deepened to infer the underlying
structures on which students drew when articulating connections. The analytic out-
comes are presented diagrammatically, with six examples shown in Figure 3. Non-
addressed representations are marked by grey vertices, and addressed representations
with full colors. Explicitly articulated connections are drawn using arrows on the
edges. Parts of the transcript are shown in the vertices and edges of the diagram.

EMPIRICAL INSIGHTS

Figure 3 collects four examples selected as typical for the whole spectrum of explana-
tions that 36 students provided in design experiments and their analysis. The four ex-
planations explicitly connect different representations (non-articulated representations
are marked in grey). Jens stays within the representations for kilograms and hints to
grams only vaguely (Turn Ic), whereas the other three explanations address symbolic
and visual representations for kilograms and grams.
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Figure 3: Four explanations and their analytic schemes
for addressed representations and articulated connections

Among them, Jan and Matthias explicated the bundle representation that they ex-
pressed as directly tied with the visual representation (not in an abstract form as “the
thousands” but “the kg-block,” Turn 2a). Engin addressed the coarse and fine blocks
for the large and small units only without quantification by talking about “in fine”
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(Turn 3b), yet not about the base 1000. We interpret “it would also be” (Turn 3b) as a
unidirected expression of equilibrium. Behind these heterogenous connections, we can
identify underlying structures to which students explicitly or implicitly refer:

Jens uses bundle structures without alluding to place values when he “cuts a 5kg block
into five 1kg-blocks” (Turn 1a), with a remarkable concise language, he explicitly dis-
tinguished the large bundle of the “5kg” from smaller bundles “l1kg-block” which can
be counted as 1, 2, 3, 4, 5 1kg-blocks, which is the core idea of multiplicative thinking.
Similarly, Jan treated tenths as bundles: “0.3kg flat, 1.e., three 0.1kg-flats” (Turn 2a).
It is interesting to see that within our four examples here, the bundle structure was
always seen in the visual representation, an important indication that the visual model
served its first purpose. Other students (whose explanations are not shown here) also
expressed bundles independently from the blocks.

The bundle structures were often embedded in uses of other features of place-value
structures: Jan additively split the 2.3kg into ones and tenths (Fuson et al., 1997), say-
ing “2.3kg are 2 kg-blocks and 0.3kg flats” (Turn 2a) and interpreted the face value
“3” multiplicatively as “three 0.1kg-flats” (Turn 2a). Similarly, Matthias “packed to-
gether” (Turn 4e) five 1000g-blocks into 5000g, using the multiplicative characteristic
for turning face values into place values. Multiplicative bundle structures are an inte-
gral part of the place-value system, and then need to be combined with other place-
value features, as the role of place and face values and additive splits.

The third relevant kind of structures are refinement structures. Refinement structures
can be addressed qualitatively as Engin’s explanation of “two coarse blocks” (Turn 3a)
that later became “two fine blocks” (Turn 3b). He articulated his awareness of refine-
ment structures by saying, “and in fine, this would be also two blocks” (Turn 3b). Jan
expressed refinement structures when “converting” (Turn 2b) 2kg blocks into the un-
bundled “2000g cubes” (Turn 2¢), using refinement and bundle structures in the same
moment. Matthias related the two visual representations in an empirical approach, by
“just as heavy” (Turn 4c). But he immediately combined his empirical approach with
making refinement structures explicit, not for the blocks alone, but also for the bundle
structures: “five coarse 1kg blocks ... are just as heavy as five 1000g-blocks” (Turn 4b-
d) is the most interesting phrase. It differs from Engin’s purely qualitative articulation
of the refinement structures in that it also mentions the bundle of 1000. We depicted
this other kind of de-bundling with a vertical line connecting two horizontal lines in
the analytic scheme (Figure 3). In total, we see four different ways of expression the
conversion process: in a formal symbolic language (Turn 1b); related to the visually
represented balance scale in an empirical approach, embedded in a complex complete
phrase (Turn 4b-d) in which the refinement of the bundles is expressed, yet not com-
pletely explicit; in finer and coarser structures in comparisons (Turn 3b); and in visual-
based conversions (Turn 2b).
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DISCUSSION AND OUTLOOK
Heterogeneity of addressed connections and underlying structures

Explaining procedures by means of visual models is generally challenging for children
(Fuson et al., 1997; Glade & Prediger, 2017; Tondorf & Prediger, 2022); this also ap-
plies to the conversion of mass units in our study. The analysis revealed that children
were nevertheless able to succeed to manage an amazing complexity. The four explic-
itly presented cases span an impressive heterogeneity in terms of (a) explicitly ad-
dressed representations (all six are addressed overall, but not each by everyone), (b)
explicitly articulating how the representations are connected (all seven potential con-
nections are articulated by at least one student, but in very different ways), and (c)
drawing upon different underlying structures. These findings resonate with those in the
complete data set of 36 students. Figure 4 summarizes the structures we identified as
relevant in (¢) for (a) and (b): besides the bundle structure of multiplicative thinking
(Clark & Kamii, 1996), we identified base-ten place-value structures with additive
splits and place-/face-value features (Fuson et al., 1997) and refinement structures
(Glade & Prediger, 2017) as essential for explaining unit conversion of mass units. For
the 36 children of the age group in view (10-12 year old), the refinement structures
seemed to be the newest and most challenging to grasp.

Symbolic measures 2.4kg 2400g Symbolic measures
in kilograms in grams
Using base-ten place Using base-ten place
value structure value structure
(incl. bundle structures) (incl. bundle structures)
Bundles 2 ones and 2 thousands and Bundles
. . . A—— . .
in kilograms 4 tenths in kg Refinement 4 hundredsing in grams
structure
Imposing Reading off
bundle bundle
structures structures
Coarse Fine
R B
kilogram blocks gram blocks

Equal Mass or
Refinement structure y

Figure 4: Empirical findings (new in red): Structures identified as relevant for ex-
plaining unit conversion through connecting representations

Limitations and outlook

Of course, the empirical findings must be interpreted without hasty generalizations, as
the sample size of 36 students does not allow statistical generalizability. More im-
portantly, the findings are strongly tied to the visual model we offered and the tasks
and prompts by which students were guided to deal with it. Future studies should in-
vestigate the transferability of the findings to other learning environments, other visual
tools, and other measurement quantities such as length, time, and money.
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The current findings, however, already substantially inform the redesign of the teach-
ing learning arrangement: As students’ focus on underlying structures is so critical,
scaffolds for focusing students’ attention were successively integrated, as were lan-
guage learning opportunities for articulating the structures. The explanation of Mat-
thias in Figure 3 stems from Design Research Cycle 3 in which these integrations had
already taken place. Further analysis and also a controlled trial are planned to validate
our current assumption that these structure-focusing phrases can indeed scaffold stu-
dents’ processes of understanding and explain the connections.
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